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Introduction
One of the most fascinating aspects of the entanglement entropy in the ground states of extended quantum systems is that it scales with the area of a subsystem rather than its volume, as it happens, instead, for generic eigenstates in the middle of the spectrum. This feature is known as area law [1] . The area law is a well established concept for gapped (massive) systems [1] [2] [3] [4] [5] [6] . On the other hand, if the correlations are long-ranged, i.e., the system is massless, area law may be violated like in the prototypical example of one-dimensional (1d) conformal invariant systems [7] [8] [9] [10] for which there is a multiplicative logarithmic correction to it. In higher dimensions, massless systems behave rather differently depending on the fine details of the model. It is impossible to mention all aspects of the problem, but the most striking aspect is that while free massless nonrelativistic fermions show logarithmic violations of the area law [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] , in free massless bosons it strictly holds [20] [21] [22] [23] [24] [25] . While in general it is not known how the entanglement ǸǸ L Figure 1 : The geometries of the 2d systems we study in this paper: along the longitudinal x-direction the system is either infinite (left) or finite with length L (right). In both cases, periodic boundary conditions are imposed along the transverse y-direction of size N . The geometry is then either an infinite cylinder (left) or a torus (right). The entangling region is always a periodic strip of length along the x-axis, as highlighted in green.
scales in interacting massless bosons and fermions, there are indications that the structure found for free systems should be robust also against interactions, see e.g. Refs. [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] .
A natural and transparent way to see this fundamental difference between free bosons and fermions is dimensional reduction, a strategy for the computation of the entanglement entropy first suggested in [21] and since then exploited in many different circumstances. The idea is very simple: if the subsystem of a free two-dimensional (2d) model is translational invariant in one compact direction (that we call transverse, say along the y-axis), we can perform Fourier transform in this direction and reduce the problem to the sum of 1d ones, for which exact results are known. Two examples of geometries for which the dimensional reduction works are shown in Figure 1 and they are the only ones we will consider in this paper. Actually, this technique can be straightforwardly applied in generic dimensions d (with d − 1 compact ones), but we focus here in 2d for clarity of the presentation (the only difference in the final result is just the sum over many transverse components).
The main goal of this paper is to apply dimensional reduction to the computation of the symmetry resolved entanglement [39] [40] [41] [42] [43] entropies for 2d free fermions and bosons with a U (1) symmetry, exploiting known results in 1d for bosons [44] and fermions [45, 46] . These quantities account for the entanglement within the different symmetry sectors (see section 2.2 for precise definitions). While the role of symmetries is crucial in the study of many-body systems, the importance of symmetry resolved entanglement measures has been only recently understood, and it has been underlined also from an experimental point of view [47] .
The paper is organised as follows. In section 2 we will do a brief recap of the needed 1d results. Sections 3 and 4 are the core of the paper, where we derive our results for total and symmetry resolved entropies for fermions and bosons, respectively.
Step by step, we benchmark our analytic results against exact numerical computations. We draw our conclusions in Section 5. Details about the numerical techniques are provided in Appendix A.
One-dimensional recap
In this section, we provide an overview of the the results about one-dimensional models that we will need for the dimensional reduction in the following sections. For free fermions these are based on Toeplitz determinants and Fisher-Hartwig techniques, while for free bosons on corner transfer matrix.
Rényi and Entanglement Entropies
Given a bipartition of a system in a pure state |ψ into A ∪ B, the reduced density matrix (RDM) ρ A of the subsystem A is defined by tracing over the degrees of freedom of the subsystem B, i.e.
where ρ = |ψ ψ| is the density matrix of the entire system. A measure of the bipartite entanglement is given by the Rényi entanglement entropies S n , defined as
whose limit n → 1 is the von Neumann entanglement entropy, i.e., S 1 = −Trρ A log ρ A . These entanglement entropies have been investigated for a large number of extended quantum systems in several different physical situations and with many different techniques (see e.g. Refs. [4] [5] [6] as reviews). Below we only report some results that we will use in the following sections. We start by considering the one-dimensional tight binding model, i.e., the free spinless fermions described by the Hamiltonian
where µ is the chemical potential, c i and c † i the ladder operators of the fermions obeying standard anticommutation relations {c i , c † j } = δ ij . We only focus on the ground state here. When |µ| < 2 the theory is gapless. The Jordan Wigner transformation maps the model to the spin-1/2 XX chain in a magnetic field. We consider the subsystem A to be an interval made of consecutive sites. For large , the asymptotic scaling of the entanglement entropies is given by [48, 49] 
where k F = arccos(µ/2) is the Fermi momentum and
The leading logarithmic term in Eq. (4) is universal and follows from conformal field theory [7] [8] [9] [10] ; in contrast, the non-universal constant Υ n has been derived using the Fisher-Hartwig conjecture [48] . For a finite system of length L with PBC's, the same form also holds replacing with L π sin π L [9] . Exact results are available also for free bosonic systems on the lattice, i.e., for the harmonic chain. In this case, one exploits the Baxter corner transfer matrix (CTM) approach [50] . A chain of oscillators of mass M = 1 with frequency ω 0 , coupled together by springs with elastic constant k (which, without loss of generality, we assume to be k = 1 − ω 0 ), is described by the Hamiltonian
where the p i and q i satisfy the canonical commutation relations [q i , q j ] = [p i , p j ] = 0 and [q i , p j ] = iδ ij . A canonical transformation of variables (p i , q i ) allows us to have only one relevant system parameter in Eq. (6), i.e., ω 2 0 /k or, equivalently, (1 − k) 2 /k [51] . In Refs. [52] [53] [54] it has been shown that a harmonic chain is related to a twodimensional classical Gaussian model. Such correspondence is at the basis of the CTM approach which allows us to write the RDM as the partition function of the twodimensional classic model. For the case of an infinite subsystem size (namely, a semiinfinite line), this correspondence allows us to express ρ A as (up to a prefactor) [54] [55] [56] 
where H CT M is an effective Hamiltonian which, due to the gaussian nature of the model, can be diagonalised. This means that all the eigenvalues of the RDM can be determined exactly. In particular, in Ref. [54] it was shown that
where I(κ) is the complete elliptic integral of the first kind, κ can be defined in terms of the system parameters as κ/(1 − κ) 2 = k/ω 2 0 and β j , β † j are bosonic ladder operators. From Eq. (2), we easily read off the Rényi entropies of a harmonic chain as [9] 
In the critical regime in which ω 0 → 0 (i.e., → 0), we recover the field theory result [9] S n 1 + n −1 12 log ξ.
where ξ ∼ ω −1 0 is the correlation length (the inverse gap) of the system. Although all the previous formulas are valid for a semi-infinite line, we have that for a finite subsystem of length , as long as ξ, the clustering of the RDM implies that it becomes the product of two independent ones at the two boundaries [57] and hence that the Rényi entropies are just the double of the one above for a single boundary, with exponentially suppressed corrections in /ξ [58, 59] .
In the following, we will mainly be interested in systems with a U (1) internal symmetry. We then consider a complex bosonic theory which on the lattice is a chain of complex oscillators (we dub complex or double harmonic chain). The latter is the sum of two real harmonic chains in the variables (p (1) , q (1) ) and (p (2) , q (2) ), i.e. H CB (p (1) + ip (2) , q (1) + iq (2) ) = H B (p (1) , q (1) ) + H B (p (2) , q (2) ).
For the double chain the entanglement Hamiltonian is the sum of two H CT M of the form (8) . For each of them we introduce the associated ladder operators, β 1,i and β 2,i . Since these operators commute, the RDM factorises as
where we denoted the RDM for β 1,i and β 2,i with ρ β 1 A and ρ β 2 A respectively. Therefore the Rényi entropies for a complex chain are just the double of those for a real chain.
Symmetry Resolved Entanglement Entropies
Let us focus now on systems with a U (1) symmetry and with an associated conserved charge denoted by Q. Moreover, we assume it is possible to write Q as the sum of local operators, i.e., Q = i Q i , where Q i is the local contribution. Taking the trace over B of [ρ, Q] = 0, and defining Q A = i∈A Q i , we find that [ρ A , Q A ] = 0. This implies that ρ A is block-diagonal and each block corresponds to a different charge sector labelled by the
where Π q is the projector onto the subspace of states of region A with charge q (with a slight abuse of notation we just wrote Π q ρ A instead of Π q ρ A Π q , being sure that will not generate any confusion). Such decomposition defines the (normalised) RDM in the q-sector, ρ A (q) ≡ Π q ρ A /Tr(Π q ρ A ). The generalised moments
are useful to write down the symmetry resolved Rényi and von Neumann entropies, meaning the entropies associated to each ρ A (q) that are given by
Notice that Z 1 (q) is the probability p(q) of finding q in a measurement of Q A , i.e., p(q) = Tr(Π q ρ A ). The total von Neumann entanglement entropy S 1 and the symmetry resolved ones satisfy the relation [47, 60] 
Eq. (16) has a clear physical interpretation. The first contribution is known as configurational entanglement entropy (S c ) and depends on the entropy of each charge sector, weighted with its probability. The second contribution is the fluctuation entanglement entropy (S f ) which is due, as the name says, to the fluctuations of the charge within the subsystem. The fluctuation entropy S f , also known as number entropy, has been studied in many different context [47, [61] [62] [63] [64] [65] . More complicated formulas can also be written for the Rényi entropies [66] . Finally, we can define the (normalised) charged moments of ρ A as
which, importantly, are related to the generalised moments (14) by Fourier transform, i.e., [40] 
Recently, such relation allowed to derive interesting results about the different symmetryresolved contributions for CFTs, free gapped and gapless systems of bosons and fermions, integrable spin chains and disordered systems. As for the total entropy, we will review only the results relevant for our purposes, while a plethora of others can be found in the literature [39] [40] [41] [42] [43] [44] [45] [46] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] .
In the one-dimensional tight binding model, the generalised Fisher-Hartwig conjecture has been used to obtain the asymptotic behaviour of the symmetry resolved entropies at leading and subleading orders [45, 46] . The charged moments are
where Υ(n, α) is a real and even function of α defined as
Taking the Fourier transforms and expanding for large , one gets for the symmetry resolved entropies at the leading orders [45] S n (q) = S n − 1 2 ln 2 π ln(2 sin k F ) + ln n 2(1 − n) + o(1).
The fact that up to order O(1) the symmetry resolved entropies do not depend on q has been dubbed equipartition of entanglement [43] . The first term breaking equipartition appears at order O(1/(log ) 2 ) [45] . The same quantities have been also investigated for off-critical quantum bosonic chains through the Baxter's CTM for the bipartition in two semi-infinite systems [44] (and generalised to finite subsystems in [67] ). The approach of the previous subsection can, in fact, be adapted to the computation of the symmetry resolved entropies in the non-critical complex harmonic chain which (in contrast with its real analogue) possesses a U (1) symmetry. The starting point is to write the charge operator Q A in terms of the β 1 's and β 2 's ladder operators associated to the bosons of the two (real) chains (cfr. Eq. (12)), as [44] 
For the charged moments, we need to compute Tr(ρ n A e iQ A α ), but using the form in Eq. (22) for Q A , the trace factorises as
where N β 1 A = j∈A β † 1,j β 1,j and N β 2 A = j∈A β † 2,j β 2,j . The two factors are equal, except for the sign of α. Therefore, the charged moments for the complex harmonic chain are [44] 
In the critical region → 0, Eq. (24) reduces to
A Fourier transform allows to get the generalised moments and, eventually, the symmetry resolved entropies. We only report the final result, which reads
with
While in general there is no entanglement equipartition for these bosonic chains, in the critical limits → 0 one has
and equipartition is recovered at the leading order in . Again, all the previous formulas are valid for A being a semi-infinite line. The results for a finite interval are obtained exploiting the clustering of the RDM, following, e.g., Refs. [57, 67] .
Two-dimensional Free Fermions
In this section we compute the Rényi entropies and the symmetry-resolved entropies in the ground state of a two-dimensional free fermionic system. For the total entropies, our results confirm the known logarithmic violation of the area law [11] [12] [13] [14] [15] , which generalises also to the symmetry resolved analogue.
The model and the bipartition
Let us consider a quadratic fermionic system on a two-dimensional square lattice with hopping between nearest-neighbour sites. It is described by the following Hamiltonian
where µ is the chemical potential for the spinless fermions c i , with i = (i 1 , i 2 ) a vector identifying a given lattice site, and i, j stands for nearest neighbours. Specifically, we consider a set of N coupled identical parallel chains, hence N is the finite length along one direction (say the y-axis). In the other direction, say the x-axis, the system is either infinite or finite with length L. PBC's are imposed along the y-axis. The subsystem A is a (periodic) strip of length along the x-axis, (see Figure 1 ). Given the special geometry we consider, we can take the Fourier transform along the transverse y direction. The partial Fourier transformsc j 1 ,r and its inverse arẽ
leading to the Hamiltonian in mixed space-momentum representation
The operator H k (r) y is the Hamiltonian in the k (r) y = 2πr N transverse momentum sector:
where
and L is the length of the chain along the x-axis. In this way, the Hamiltonian is mapped to a sum of N independent one-dimensional chains with chemical potential µ r depending on the transverse momentum k (r) y . We will work in the regime in which all transverse modes are critical, i.e., |µ r | < 2. We then choose |µ| < 1 so to be sure to satisfy this constraint for all modes.
Since the Hamiltonian is a sum of different sectors, the ground state density matrix factorises and so does the RDM
The RDM ρ A k (r) y of the 1d subsystem associated to the r-th mode can be written as [51, 79, 80] 
where the matrix C k (r) y ≡ c † i,rc j,r is the correlation matrix restricted to the r-th subsystem A. The entanglement entropy is easily expressed in terms of the eigenvalues of such correlation matrix (see appendix A for further details).
We start by considering the model in the thermodynamic limit in the longitudinal (x) direction, i.e., L → ∞ (Figure 1 , left panel). For the ground-state of N infinite chains the correlation matrix C of the whole (two-dimensional) subsystem can be written as
where C k (r)
as a function of the Fermi momentum k F r of each r-th chain (µ r is given in Eq. (33)). This is due to the factorisation of the Hilbert space into the different modes, which corresponds to a block diagonal structure of the correlation matrix: each block is associated to a transverse mode and, as a consequence, to a given 1d ground state.
Rényi and Entanglement Entropies
From the structure of the Hamiltonian in Eq. (31), the Rényi entropies can be computed by invoking the one-dimensional results discussed in section (2.1): the entanglement entropy is additive on tensor products and therefore decomposes as
where Υ n is in Eq. (5) . Note that in our setting, the Fermi momentum of each transverse mode-chain can be explicitly written down as
Plugging this relation into Eq. (38) we get
For any given N , the sum over r can been performed using elementary trigonometric identities which lead to
where T N is the N -th Chebyshev polynomial. This formula is valid for any finite N . It is useful to define the quantity so that we have S 2d n =
The function A N (µ) is plotted as function of N in Figure 2 for three different values of µ.
As N increases, it quickly approaches an asymptotic value that can be easily calculated. In fact, in the limit of large N , the sum in Eq. (40) turns into an integral
which, can be performed (e.g., using the Taylor expansion of the logarithm and resumming the series). The final result is
Hence the total entropy for large N is
which we recall is valid at order o( 0 ) and O(N 0 ). When both and N are large, it is useful to look at the special case of the subsystem A being a square strip with N = , when Eq. (46) is rewritten as
(Actually, any choice of N and proportional to each other, N = a , would be equivalent, with just an overall factor a, but for simplicity let us just think to a = 1.) Let us briefly comment Eq. (47) . It shows the expected logarithmic correction to the area law and our derivation gives a clearer understanding of such behaviour: it is a simple consequence of the fact that we are dealing with N = critical chains whose entropy obeys a logarithmic scaling so that each of them contributes proportionally to log to the total entropy. Moreover, it also agrees with the result obtained by the application of Widom conjecture (see, e.g., [11] [12] [13] ) that provides an explicit formula for the prefactor of the leading term of the entanglement entropy of free fermions in any dimension, i.e.,
where Ω is the considered subsystem with volume normalised to one, Γ(µ) is the volume in momentum space enclosed by the Fermi surface, n p , n x are the unit normals to the boundaries of these volumes and the integration is carried over the surface of both domains. In the case of interest for this paper, given the compactification along the y direction, the Fermi surface is defined by the solutions of S p = 0 (with S p = µ 2 − cos ky 2 ) and −π ≤ k x ≤ π. By performing the line integrals, Eq. (48) becomes
in agreement with Eq. (47) . We stress that while the leading terms in the two approaches are identical, the dimensional reduction provides an explicit prediction also for the subleading term proportional to , as in Eq. (47), which cannot be derived by Widom conjecture. Although these boundary conditions break the translational invariance in the transverse direction, one can use the Fourier sine transform (rather than the standard one). The only final difference is that, in Eq. (38), we have to sum over N − 1 modes, rather than N .
The same strategy applies when the total system is a finite block of L sites along the x-direction, with PBC's (see the right panel in Figure (1) ). In this case, the only difference is that the scaling of the one-dimensional Rényi entropies for a system with PBC's reads
Therefore, we have for any finite N
and similarly for large N with A N (µ) → A ∞ (µ).
Numerical checks.
We now benchmark the results for the total entropies against exact numerical calculations obtained by the free-fermion techniques reported in the Figure 3 : Leading scaling behaviour of the Rényi entropies S 2d n of 2d free fermions both for infinite (a) and finite system size L (b) in the longitudinal direction. In the transverse direction, we fix the periodic size N to equal , the subsystem length in the longitudinal direction. The numerical results (symbols) for different values of µ and n are reported as function of . They match well the theoretical prediction of Eqs. (47) and (51); the dashed lines in (a) are the leading behaviour ∝ log which is clearly not enough accurate. The non-universal coefficient proportional to the area, 2 , in Eq. (45) is well captured by the numerics, as highlighted in (c).
Appendix. In Figure 3 we report the numerical data of the Rényi entropies for different values of the index n and chemical potential µ, both for infinite (panel (a)) and finite (panel (b)) system size. We fix the transverse direction N to be equal to the longitudinal subsystem length , so that the subsystem A is a square with PBC in the transverse direction. The theoretical predictions for the leading scaling in Eqs. (47) and (51) are also reported for comparison. These include both the leading term and the subleading one proportional to the area (2 ) between the subsystem A and the rest of the system. It is evident that the analytical results correctly describe the data. We also report (as dashed lines) the sole leading universal behaviour ∝ log : this universal term alone does not match the data for these values of , highlighting the importance of the subleading terms ∝ that we calculated analytically here for the first time. In the panel (c) of the same figure, we plot the data for the von Neumann entropy where we subtracted the leading term /3 log to show the non-universal subleading terms found in Eq. (47) alone.
In Figure 3 , subleading oscillating corrections for n = 1 are visible. These are easily understood as a consequence of the well studied unusual corrections to the scaling in 1d [49, [81] [82] [83] and are present for generic bipartitions (see e.g. [14] ). Anyhow, in our special case we can exploit the dimensional reduction also to derive exact predictions for these corrections in 2d. In 1d, for the tight-binding model, they behave like [49, 82] 
where S 1d,(0) n ( ) is the (leading) prediction from the Fisher-Hartwig conjecture in Eq. (4), (which contains both the CFT prediction and the non universal constant term Υ n ) and the amplitude is Figure 4 : Subleading corrections to scaling d 2d 2 ( ) for the 2d free fermionic model for different values of chemical potential µ = 0, 0.5, 0.75 in the three panels. The red symbols correspond to numerical values, while the dashed blue lines are the analytical prediction in Eq. (54) . the contributions given by each mode in Eq. (52), we obtain (for the case N = of the figure)
where S 2d,(0) n stands for the leading terms in Eq. (47) . The accuracy of these subleading corrections is tested against numerical data in Figure 4 for three different values of the chemical potential, finding perfect agreement. Several frequencies corresponding to the various k F j are clearly visible in the figure.
Symmetry Resolved Entanglement Entropies
The same dimensional reduction technique can further be used to compute the symmetry resolved entanglement entropies. Indeed, from Eq. (29) the particle number Q = i c † i c i is a conserved U (1) charge of the model in arbitrary dimension. The strategy is exactly as before: we consider a finite system in the transverse direction with PBC and so reduce to a one-dimensional problem for the charged moments and then, via Fourier transform, we get the symmetry resolved entropies.
Charged moments.
Because of the factorisation of the RDM (34) and of the additivity of the conserved charge, we can rewrite
where Q
(r)
A is the charge operator restricted to the r-th transverse mode. This factorisation allows us to rewrite in terms of the one-dimensional results for the charged moment
and, using the explicit 1d result Eq. (19) , the sum is performed as (57) and (66), are also reported.
The first term in Eq. (57) is purely imaginary and it is the average number of particle within A, for large N explicitly given bȳ
It is extensive in the subsystem volume (N ), as it should, and at half-filling, µ = 0, it reproduces the simple resultq = N /2. In Eq. (57), it is useful to write Υ(n, α) as Υ(n, α) = Υ(n) + γ(n)α 2 + (n, α),
In Ref. [45] it has been shown that the quadratic approximation of Eq. (59) is appropriate for many of applications since (n, α) γ(n)α 2 . In particular, this approximation allows us for an explicit analytic computation of the symmetry resolved moments Z n (q). Therefore, hereafter we will keep only the terms up to O(α 2 ) and we rewrite (57) in the compact form as:
with B n = 1 2π 2 n , In Figure 5 we report the numerical data both for the real and the imaginary part of log Z 2d n (α) for different values of n and α. Here the system is an infinite cylinder of circumference and the subsystem A is again a periodic square strip with longitudinal length equal to . The theoretical prediction in Eq. (57) is also reported for comparison, showing that the analytical result correctly describes the data as long as |α| < π (as well known already in 1d, see e.g. [45, 46] ). The oscillating corrections to the scaling become relevant when α moves close to ±π. The reason is that some terms in the generalised Fisher-Hartwig approach become larger and Eq. (19) is not a good approximation at the considered intermediate values of [45, 46] . In the figure it is evident that these oscillations arise also for n = 1, contrarily to what happens for α = 0.
We can also study the subleading oscillatory behaviour exploiting the one-dimensional results [45] (valid for −π < α < π), i.e.,
where Z 1d,(0) n (α) is the (leading) prediction of the generalised Fisher-Hartwig conjecture, Eq. (19), and
In 2d, the subleading oscillatory behaviour is easily obtained summing the contributions for each mode given by Eq. (63), resulting for N = in which is compared with numerical data in Figure 6 , finding perfect agreement.
A simple but interesting generalisation of the calculation we just presented concerns the geometry of a torus as depicted in the right of Figure 1 . The longitudinal size of the system is L. The charged moments are again obtained by summing up the contribution of the different transverse modes as critical 1d chains, using the finite size form with the chord length. Summing up the contributions of the the transverse modes we get
The accuracy of this prediction is tested in Figure 7 against exact numerical calculations.
Symmetry resolution.
We now can compute the Fourier transform Z 2d n (q) of the charged moments using the leading order terms of Z 2d n (α) taking into account the effect of the non-universal pieces. This Fourier transform is
where the coefficient of the quadratic term is b n = B n N log + C n N.
For large subsystem size and/or N , we can treat the integral by means of the saddle point approximation and use as domain of integration [−∞, +∞], getting where Z 2d n (α) is given in Eq. (57) and we report it again for completeness in a coincise form for α = 0
In full analogy to the 1d case, the probability distribution functions given by these moments are still Gaussian with meanq and variance that for large and N grows as √ N log . An equivalent result was already obtained in Refs. [46, 62] for Fermi gases in arbitrary dimension using the Widom's conjecture. The novelty of this formula is an exact prediction for the coefficient C n that renormalises the variance at order O( ) and, as we will see, will play a crucial role for an accurate computation of the symmetry resolved entropies.
Let us briefly discuss the terms that have been neglected in the derivation of Eq. (69) which are the same as in 1d [45] . The main approximation is to ignore (n, α) in Eq. (60) which induces a correction going like 1/(N log ). The subleading corrections to Z 2d n (α) in Eq. (54) only induce power-law corrections and are subdominant compared to one above. Finally the corrections coming from having replaced the extremes of integration ±π with ±∞ are really small: they decay as e −π 2 bn /b n , i.e., exponentially in N .
The accuracy of Eq. (69) is checked for different values of µ in Figure 8 where we report the numerically calculated Fourier transforms and the analytical prediction. It is evident from the data in the main frames and in the insets that both the and the q dependence of Z n (q) is perfectly captured by our approximation.
With these ingredients at our disposal, we are ready to compute the asymptotic behaviour of the symmetry resolved entanglement, given by
After some simple algebra, we can write (72) where S 2d n is the total Rényi entropy,
and κ n = −π 2 (γ(1) + nγ(n)).
Eq. (72) provides the leading behaviour for large and N as well as the non-universal additive constants, and a q-dependent subleading correction which scales as N −1 (log ) −2 . Such correction provides the first term in the expansion for large and N which depends on the symmetry sector. As in the corresponding 1d calculation [45] , it can be calculated from the subleading terms of the variance of Z 2d n (q), in particular the additive nonuniversal constant C n in Eq. (62) . So while few leading terms satisfy the equipartition of entanglement, we can precisely identify the first term that breaks it. Taking now the limit for n → 1 of (72), we get the von Neumann entropy
These predictions for the symmetry resolved entanglement are compared with the numerical data in Figure 9 . In the left panel we consider the scaling with of S n (q) and it is evident that the numerical data perfectly match with the theoretical prediction in Eqs. (72) and (75) . The corrections in (q −q) are suppressed as 1/(N (log ) 2 ) and the curves in the right panel seem to be on top of each other on the scale of the plot. In order to appreciate their distance, in the inset we report the differences with S n (q) (focusing on n = 1) and we show that they are well described by our prediction. The agreement is excellent even for relatively small values of and N of the order of 20.
In the one-dimensional case, the corrections of order log(log ) coming from the symmetry resolved entanglement exactly cancel in the total entanglement entropy, when summing to the fluctuation entanglement as in Eq. (16) . The same occurs also in 2d. In fact, the fluctuation entanglement in our case is given by
(76) From this equation, it is clear that the first two leading terms in S 2d,f cancel exactly with the corresponding ones in the symmetry resolved entanglement in Eq. (75) . Figure 9 : Symmetry resolved Rényi entanglement entropies S 2d n (q) of 2d free fermions for n = 1, 2, 3 and different values of µ. We fix the transverse direction N = , equal to the length of the subsystem in the longitudinal direction. In the left panel the numerical data (symbols) of 2d free fermions for q =q are compared with the theoretical predictions of Eqs. (72) and (75) . In the right panel we show four values of q (namely q −q = 0, 1, 2, 3). The data are almost coinciding on this scale, so in the inset we report their difference which is perfectly captured by the theoretical prediction.
We quickly discuss now what happens in the case of the torus geometry: we only report the final results, since the calculations are only a slight modification of the previous ones. The Fourier transform of Eq. (66) is
The symmetry resolved entropies are then easily worked out as
2π sin( π L ) + κ n + A N (µ)] 2 + · · · . (79) These results are tested with numerics in Figure (10) . We observe that increasing (q −q) the neglected corrections become more significant.
Two-dimensional Free Bosons
In this section we consider the entanglement entropy and its partition into the different charge sectors for a lattice discretisation of the complex Klein-Gordon theory, namely coupled complex harmonic oscillators on a two-dimensional square lattice. Here we will apply the same strategy of the previous section to recast, once again, our problem into the sum of uncoupled one-dimensional chains. Red symbols correspond to numerical data. The blue lines show the analytical prediction (77) . The inset shows Z 2d 1 (q) for = 10 as a function of q. Right panel: Symmetry resolved Rényi entanglement entropies S 2d n (q) of 2d free fermions for n = 1, 2 and different µ's and q: the numerical data (symbols) are compared with the theoretical prediction (continuous lines) of Eq. (79) . As (q −q) increases, the neglected terms become more relevant, therefore the agreement between numerics and analytical predictions worsens.
Rényi and Entanglement Entropies
Let us examine a two-dimensional system of L×N real coupled oscillators, where L and N are the lengths along the x-(longitudinal) and y-direction (transverse), respectively (see Figure 1 ). The 2d Hamiltonian describing a real 2d square lattice of harmonic oscillators is
where q x,y , p x,y and ω 0 are coordinate, momentum and self-frequency of the oscillator at site (x, y) while κ x and κ y are the nearest-neighbour couplings. As in the one-dimensional case, the 2d lattice of complex oscillators is H CB (p (1) + ip (2) , q (1) + iq (2) ) = H B (p (1) , q (1) ) + H B (p (2) , q (2) ).
If we define p = p (1) +ip (2) √ 2 and q = q (1) +iq (2) √ 2 , Eq. (81) becomes
Imposing PBC's along the y-direction, we can exploit the translational invariance and use Fourier transform in the transverse direction, to get the mixed space-momentum representation
x,r e 2πiry/N ,
and similarly for p x,y . We set κ y = κ x = 1 to shorten the notation (indeed they can be absorbed by a canonical transformation). The Hamiltonian (81) then becomes
x,rq x,r + (q x+1,r −q x,r ) † (q x+1,r −q x,r ).
Because of the additivity of the independent transverse chain modes in Eq. (84), the entanglement entropy can be computed by using the 1d results, as we did for free fermions. As already discussed in section (2.1), the ground-state reduced density matrices of each 1d chain is obtained by means of corner transfer matrices, for the bipartition of the infinite chain in two halves. Therefore, the entanglement spectrum associated to the r-mode/chain along the y direction is given by Eq. (8) , specialised to the frequency ω r , i.e., the eigenvalues of the entanglement Hamiltonian are now given by
where the energy levels are
The parameter κ r is obtained by solving the equation ω 2 r = (1 − κ r ) 2 /κ r . In our semi infinite strip, each mode gives a contribution to the entanglement entropy which can be computed through the CTM approach. Since they are independent, such contributions simply add up leading to
This result is valid for arbitrary integer N . We can now take the limit of large transverse direction. The sum becomes an integral in ζ = r/N , we can write ( r → (ζ))
and in the limit n → 1
These results for the entanglement entropies are numerically tested in panel (a) of Figure 11 using the free-boson techniques reported in the Appendix. The considered subsystem is a strip, periodic in the transverse direction (hence of length N ) and of longitudinal size equal to , but such that is much larger than the correlation length of the system (of order ω −1 0 ) and so the entanglement is just the double of the one for a semiinfinite subsystem. We have fixed = 50 which is large enough for the considered values of ω 0 . Eqs. (89) and (90) perfectly predict the prefactor of the area-law term, in all cases when the thermodynamic limit along the transverse direction is a good approximation.
We now discuss the critical regime ω 0 → 0. Here we do not set ω 0 = 0 from the beginning, but we take a very small ω 0 and then take the large limit. The two limits are known to not commute in 1d [84] . Although the technique to obtain the 2d results from 1d one is the same for bosons and fermions, the physics is very different. Indeed, while for fermions the N chains in the Hamiltonian (31) are all critical, just with renormalised chemical potentials (33), for free bosons only the zero-mode chain is critical and all the other have a gap given by Eq. (85) that does not close as ω 0 → 0. This different behaviour is the origin of the logarithmic multiplicative correction to the area law for massless fermions, while massless bosons follow a strict area law, with additive logarithmic corrections. While these physical results are well known in the literature (see, e.g., [20] ) we find their explanation with dimensional reduction particularly clear.
We can now sum the contributions of the various transverse modes to get the total entanglement entropy. For the zero-mode with r = 0 we take the result from the massive Klein-Gordon theory [84] . Summing up the various contributions, we have for the twodimensional lattice complex oscillators S 2d n = n + 1 3n log + n log(− log(ω 0 )) + c 1d n +
Here the first line is the zero gapless transverse mode and the second is the sum over all massive ones. The additive constant c 1d n is non-universal and is not predicted by field theory; we will fix it numerically with a standard fit of the 1d system. All the chains with r > 0 give a O(1) contribution in since, for large enough , it holds ω −1 r ; hence they give rise to an area-law scaling (i.e., ∝ N ). The panel (b) of Figure 11 confirms the accuracy of the prediction (91) for the critical regime as a function of N .
Some generalisations.
As in the fermionic case, let us mention that this technique can also be applied when imposing DBC's along the transverse direction, i.e., q i,0 = q i,N = p i,0 = p i,N = 0. Because of the breaking of translational invariance, we can simply use the Fourier sine transform
(and similarly forp x,y ). The key difference with respect to the periodic case is that the frequencies of the transverse modes are
Thus, within these BC, the frequencies are all different from zero, even for ω 0 = 0. The Rényi entanglement is
We can now take the limit of large N , similarly to what done in Eq. (89) for ω 0 > 0, to get
where we need to subtract the contributin from the zero mode, since in Eq. (94) the sum starts from r = 1 rather than 0. The accuracy of Eq. (94) is checked by numerics in the panel (c) of Figure 11 in which the agreement is perfect.
Symmetry Resolved Entanglement Entropies
Here we compute the contributions to the entanglement entropy coming from the different U (1) symmetry sectors for the 2d lattice of oscillators. The conserved charge reduced to the subsystem is just the 2d generalisation of Q A in Eq. (22) . To get the 2d results for the strip geometry, we use dimensional reduction and the 1d findings of Ref. [44] through the CTM approach. (96) and, taking the limit of large N
Notice that log Z 2d n (α) is real and even in α. We plot log Z 2d n (α) as a function of α and N in Figure 12 (left panels) together with the corresponding numerical data (for the numerical details see the Appendix). The agreement is perfect for all considered values of n, α, N , and ω 0 . We find that for all α, log Z 2d 1 (α) is a monotonously increasing function of the self frequency of the oscillators, ω 0 . As a function of α, they have a single maximum at . To obtain the data in the figure we fix = 50 which is much larger than the correlation length at all considered ω 0 ; hence, by cluster decomposition, they approach the double of the prediction (97) (see discussion in section 2.1 below Eq. (10)). We also analyse the scaling of the charged moments for DBC's along the transverse direction. The corresponding results are also displayed in the right panels of Figure 12 . The computation through the dimensional reduction perfectly works for every ω 0 .
In the critical regime, ω 0 → 0, the subsystem is a finite strip of longitudinal length and the resulting pattern is similar to the case encountered when α = 0. Using Eq. (25) and assuming that ξ, we obtain
where the second line is an additive ( -independent) term that represents the contribution of the chains with r > 0. Figure 13 shows that the agreement of Eq. (98) with numerical data is better as ω 0 is smaller, i.e., when the approximation of a critical regime is valid. Also it works better for n closer to 1. Note that we had to consider values of ω 0 much smaller as compared to the same calculation for α = 0 to fit the numerics with the analytical prediction for the critical regime. This is likely due to the lack of a more detailed knowledge of the subleading corrections to Z (1d) n (α) in the critical regime (which instead we have for free fermions).
Symmetry resolution.
In order to get the symmetry resolution it is convenient to first rewrite logZ 2d n (α) in the limit N → ∞ as
where θ 4 is one of the Jacobi theta function
Then, the Fourier transform Z 2d n (q) is
i.e., it is the convolution of the Fourier transforms Z 1d n,r (q) of Z 1d n,r (α). This formula can be easily evaluated for any finite N , even very large. In order to test its accuracy we take the Fourier transform of the numerical data for Z 2d n (α) in the previous section and compare it with Eq. (101). The results are shown in Figure 14 where the symmetry resolved moments are plotted both against N and q for different values of ω 0 . The agreement is excellent. Note that Z n (q) is peaked at q = 0, which is the average charge in the subsystem.
For large N , we can use Eq. (99) so that Eq. (101) can be rewritten as
Given that we are interested in the large N limit, the integral may be performed by saddle point method, with the only maximum of f n (α) in α = 0, as we can see in Fig. 12 . Therefore, the integral becomes
where we defined
The probability distributions given by these moments are Gaussian with meanq = 0 and variance that grows as √ N . Unfortunately it is difficult to test Eq. (103) against numerical calculations because we would need rather large values of N . We instead checked that indeed Eq. (101) converges for large N to (103). Anyhow, we will show the corresponding plot only for the symmetry resolved entropies below.
The last step now is to use Eq. (101) to calculate the symmetry resolved entropies Figure 14 : Z 2d n (q) in the 2d harmonic lattice for different values of ω 0 , q, and n, as a function of N (left panel) and q (right panel). Data (symbols) are compared with the analytic prediction (solid lines) of Eq. (101). Z 2d 1 (q) is peaked at q = 0, which is the average charge in the subsystem. Here we do not test the large N result (103). whose limit n → 1 is the symmetry resolved von Neumann entropy
Using the previously obtained Z 2d n (q), we have analytic predictions valid for any N . In Figure 15 we test the accuracy of this prediction for the entropy in each symmetry sector for N as large as 200. The figure clearly shows that for these relatively small values of N , the equipartition of the entanglement does not hold, even though for n = 1 data start becoming parallel to each other, suggesting a possible onset of equipartition.
In order to understand if and how equipartition is attained at larger values of N , we work out the large N limit. In the limit N → ∞ plugging Eq. (103) into Eq. (105), we obtain S 2d n (q) = 1 1 − n log Z 2d n (0) (Z 2d 1 (0)) n e − q 2 2N ( 1 g(n) − n g(1) ) (2πN g(1)) n/2 (2πN g(n)) 1/2 .
The first ratio in Eq. (107) just gives the total Rényi entropy of order n, while the nontrivial dependence on n of g(n) is responsible for the breaking of the equipartition of the entanglement. After some algebra, we obtain
, (108) whose limit n → 1 is
Hence, we have shown that the leading terms in the expansion for large N satisfy the equipartition of entanglement. The first term breaking it is at order 1/N and has an amplitude proportional to q 2 . Unfortunately, as already mentioned, it is difficult to test numerically the validity of Eq. (108) because it requires too large value of N . A posteriori, the reason of this Figure 15 : Left: Numerical results for the symmetry resolved entropies S 2d n (q) of the 2d lattice of complex oscillators. The numerical data for q = 0, 1, 2, n = 1, 2 and ω 0 = 0.5 are compared with the predictions (105) and (106) finding perfect agreement. For these relatively small values of N , equipartition of entanglement does not hold, even though for n = 1 data start approaching the asymptotic behaviour described by Eq. (109) and plotted through the dashed lines. Right: We plot the analytic prediction for the symmetry resolved entropy (105) (full lines) valid at any N together with its asymptotic expansion (108) (dashed lines), showing that for large N equipartition of entanglement is recovered. Notice that, as n and q grow, equipartition occurs at much larger values of N .
peculiar behaviour is easily understood from Eqs. (108) and (109): the prefactor of the equipartition breaking term multiplying q 2 /N is −103.485 . . . for n = 1 and −1793.66 . . . for n = 2, very large in both cases. Hence, we should get to values of N of order of thousands in order to see equipartition and this is not simply done numerically. What instead we can easily do is to test that for large N the analytic prediction (105) tends indeed to the predicted asymptotic behaviour (108). This is shown in the left of Figure 15 where we see that very large values of N are required to recover the asymptotic behaviour, especially for large values of q and n. Hence equipartition is attained for larger and larger values of N as q and n grow, as very clear from the figure.
Conclusions
In this work we exploited dimensional reduction for the computation of Rényi and symmetry resolved entropies of two-dimensional systems of free fermions and bosons with a translational invariant geometry in the transverse direction.
In section 3.2, we computed the Rényi entropies of a 2d non-relativistic free fermionic system, which show the expected logarithmic violation of the area law. The latter transparently follows as a result of having N independent 1d critical systems. We then proceeded to compute the symmetry-resolved entanglement for the same model (section 3.3). We first obtained an exact asymptotic expression for the charged moments (cf. Eq. (57)) and then moved to the truly symmetry resolved entropies given by the Fourier transform of the charged ones, Eq. (67). We found that leading terms for large subsystems satisfy entanglement equipartition (as in 1d [43] ) and we identified the first subleading correction breaking it. It turns out that the exact knowledge of non-universal subleading constants is fundamental for a proper description of the symmetry resolved entanglement entropies while the sole leading term known from Widom conjecture does not provide accurate quantitative results.
We then considered a 2d lattice of complex oscillators (lattice version of Klein Gordon theory). We computed the Rényi entropies and the symmetry resolved entanglement in section 4.1 and 4.2, respectively. We found an area-law behaviour of the entropies regardless of the model being massive or massless. Such behaviour, which is very different from the fermionic case, is already well known and its origin is very clear in dimensional reduction approach: only one 1d transverse mode is massless, while all other acquire a non zero mass so that the total entanglement is the sum of finite terms without logarithmic violations. The massless mode only provides a subleading additive logarithmic term. We then moved to the computation of the symmetry resolved entanglement which are fully characterised through the charged moments and their Fourier transform. Importantly we found that only the leading terms in the expansion for large transverse size N satisfy entanglement equipartition which is violated for finite N , even in the limit of large longitudinal subsystem length.
The different structure of the entanglement equipartition in 2d bosonic and fermionic systems clearly shows how such intriguing phenomenon is related to the gaussianity of the probability distribution of the conserved U (1) charge, which generically follows from the central limit theorem emerging from the large number of elementary constituents. Yet, there are important counterexamples, like the 1d free boson [44] , which affect also the physics of some 2d systems we considered here. Understanding the fine details of entanglement equipartition, such as the precise conditions for its validity and the form of the first subleading term breaking it, remains an important open issue.
Having understood how dimensional reduction works for the symmetry resolved entanglement in 2d free theories is also the starting point for studying interacting ones, e.g. along the lines of Refs. [28, 31, 37] for the total entanglement, but a lot of challenging work is still necessary to get results in this direction.
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A. Numerical tools
In this appendix we describe how the numerical data reported in the main text have been obtained.
For free fermions, as already explained in section 3.2, the correlation matrix restricted to the subsystem A and corresponding to the m-th mode is C k (m) y (i, j) = sin k F m (i − j) π(i − j)
.
Denoting the eigenvalues of the matrix C k 
and, equivalently, to the Rényi entropies
Once we diagonalise each block of the correlation matrix C of the entire system, we only have to sum Eq. (112) over all modes. The α-dependent moments Z 1d n,m (α) for the m-th mode can be also easily written in terms of the eigenvalues of the correlation matrix with a simple modification of the above formulas, i.e., [40] 
Then we proceed as for the moments by taking the product of all the independent contributions of the transverse modes. This approach is equally applicable to a system of coupled oscillators. We report results for real oscillators, the complex case is just the combination of two real ones. The factorisation of the Hilbert space is such that we can study the eigenvalues of the correlation matrices associated to each tranverse mode. Let us denotes as X k (m) 
and, equivalently, the Rényi entropies
In presence of α, the above formula generalises as 
Again summing the contribution over N modes we get results for the 2d lattice.
